Abstract. We show that the m-cluster category of type A n−1 is equivalent to a certain geometrically-defined category of diagonals of a regular nm + 2-gon. This generalises a result of Caldero, Chapoton and Schiffler for m = 1. The approach uses the theory of translation quivers and their corresponding mesh categories. We also introduce the notion of the mth power of a translation quiver and show how it can be used to realise the m-cluster category in terms of the cluster category.
Introduction
Let n, m ∈ N and let Π be a regular nm + 2-sided polygon. We show that a category C m An−1 of diagonals can be associated to Π in a natural way. The objects of C m An−1 are the diagonals in Π which divide Π into two polygons whose numbers of sides are congruent to 2 modulo m. A quiver Γ m An−1 can be defined on the set of such diagonals, with arrows given by a simple geometrical rule. It is shown that this quiver is a stable translation quiver in the sense of Riedtmann [Rie] with translation τ given by a certain rotation of the polygon. For a field k, the category C by the autoequivalence τ −1 S m . We thus obtain a geometric description of this category in terms of Π.
The m-cluster category D b (kQ)/τ −1 S m associated to kQ was introduced in [Kel] and has also been studied in [Tho] and [Zhu] . It is a generalisation of the cluster category defined in [CCS1] (for type A) and [BMRRT] (general hereditary case). Thomas and Zhu show that the m-cluster category possesses properties similar to those of the cluster category (his result applies more generally to any simply-laced Dynkin quiver). Keller has shown that it is Calabi-Yau of dimension m + 1 [Kel] . We remark that such Calabi-Yau categories have also been studied in [KR] .
Our definition is motivated by and is a generalisation of the construction of the cluster category in type A given in [CCS1] , where a category of diagonals of a polygon is introduced. The authors show that this category is equivalent to the cluster category associated to kQ. This can be regarded as the case m = 1 here. The aim of the current paper is to generalise the construction of [CCS1] to the diagonals arising in the m-divisible polygon dissections considered in [Tza] (see Section 1 for more details). We also remark that a connection between the m-cluster category associated to kQ and the diagonals considered here was given in [Tho] .
We further show that if (Γ, τ ) is any stable translation quiver then the quiver Γ m with the same vertices but with arrows given by sectional paths in Γ of length m is again a stable translation quiver with translation given by τ m . If (Γ, τ ) is taken to be the Auslander-Reiten quiver of the cluster category of a Dynkin quiver of type A nm−1 , we show that Γ m contains Γ m An−1 as a connected component; it follows that the m-cluster category is a full subcategory of the additive category generated by the mesh category of Γ m . Since Γ is known to have a geometric construction, our definition provides a geometric construction for the additive category generated by the mesh category of any connected component of Γ m . We give an example to show that this provides a geometric construction for quotients of D b (kQ) other than the m-cluster category.
Notation and Definitions
In [Tza] , E. Tzanaki studied an abstract simplicial complex obtained by dividing a polygon into smaller polygons.
We recall the definition of an abstract simplicial complex. Let X be a finite set and △ ⊆ P(X) a collection of subsets. Assume that △ is closed under taking subsets (i.e. if A ∈ △ and B ⊆ A then B ∈ △). Then △ is an abstract simplicial complex on the ground set X. The vertices of S are the single element subsets of △ (i.e. {A} ∈ △). The faces are the elements of △, the facets are the maximal among those (i.e. the A ∈ △ such that if A ⊆ B and B ∈ △ then A = B). The dimension of a face A is equal to |A| − 1 (where |A| is the cardinality of A). The complex is said to be pure of dimension d if all its facets have dimension d.
Let Π be an nm + 2-gon, m, n ∈ N, with vertices numbered clockwise from 1 to nm + 2. We regard all operations on vertices of Π modulo nm + 2. A diagonal D is denoted by the pair (i, j) (or simply by the pair ij if 1 ≤ i, j ≤ 9). Thus (i, j) is the same as (j, i). We call a diagonal D in Π an m-diagonal if D divides Π into an (mj + 2)-gon and an (m(n − j) + 2)-gon where j = 1, . . . , ⌈ n−1 2 ⌉. Then Tzanaki defines the abstract simplicial complex △ = △ m An−1 on the m-diagonals of Π as follows.
The vertices of △ are the m-diagonals. The faces of △ m An−1 are the sets of mdiagonals which pairwise don't cross. They are called m-divisible dissections (of Π). Then the facets are the maximal collections of such m-diagonals. Each facet contains exactly n − 1 elements, so the complex △ m An−1 is pure of dimension n − 2. The case m = 1 is the complex whose facets are triangulations of an n + 2-gon.
A stable translation quiver of diagonals
To △ = △ m An−1 we associate a category along the lines of [CCS1] . As a first step, we associate to the simplicial complex a quiver, called Γ Examples 2.4 and 2.5 below illustrate this construction.
We then define an automorphism τ m of the quiver: let τ m : Γ Proof. Note that every vertex of Π is incident with some element of any given τ m -orbit of m-diagonals: any m-diagonal is of the form (i, i + km + 1) and
Assume that Γ is the disjoint union of two non-empty stable subquivers. So there exist m-diagonals D = (i, j) and 
any path in Γ. Without loss of generality, j < j ′ . After rotating D ′ using τ m we can
′′ is an m-diagonal, the arc from i to j ′′ not including j ′ together with D ′′ bounds a (um + 2)-gon for some u. But then the arc from i to j ′ including j ′′ together with the diagonal D ′ bound a (um + 2 + s)-gon where um + 2 < um + 2 + s < (u + 1)m + 2. Hence D
′ cannot be an m-diagonal.
In the examples below we draw the quiver associated to the complex △ , 14, 15, 24, 25, 26, 35, 36 , 46} and we draw the quiver as follows:
Example 2.5. Let m = 2 and n = 4, i.e. Π is a 10-gon. The rotation group is generated by the rotation about the centre of Π through k × , 16, 18, 25, 27, 29, 36, 38, (3, 10), 47, 49, 58, (5, 10), 69, (7, 10) 
m-Cluster Categories
Let G be a simply-laced Dynkin diagram with vertices I. Let Q be a quiver with underlying graph G, and let k be an algebraically-closed field. Let kQ be the corresponding path algebra. Let D b (kQ) denote the bounded derived category of finitely generated kQ-modules, with shift denoted by S, and Auslander-Reiten translate given by τ . It is known that D b (kQ) is triangulated, Krull-Schmidt and has almost-split triangles (see [Hap] ). Let ZQ be the stable translation quiver associated to Q, with vertices (n, i) for n ∈ Z and i a vertex of Q. For every arrow α : i → j in Q there are arrows (n, i) → (n, j) and (n, j) → (n + 1, i) in ZQ, for all n ∈ Z. Together with the translation τ , taking (n, i) to (n − 1, i), ZQ is a stable translation quiver. We note that ZQ is independent of the orientation of Q and can thus be denoted ZG.
We recall the notion of the mesh category of a stable translation quiver with no multiple arrows (the mesh category is defined for a general translation quiver but we shall not need that here). Recall that for a quiver Γ, k Γ denotes the path category on Γ, with morphisms given by arbitrary k-linear combinations of paths.
Definition 3.1. Let (Γ, τ ) be a stable translation quiver with no multiple arrows. Let Y be a vertex of Γ and let X 1 , . . . , X k be all the vertices with arrows to Y , denoted
Then the mesh ending at Y is defined to be the quiver consisting of the vertices Y, τ (Y ), X 1 , . . . , X k and the arrows α 1 , α 2 , . . . , α k and β 1 , β 2 , . . . , β k .
The mesh relation at Y is defined to be
Let I m be the ideal in k Γ generated by the mesh relations m Y where Y runs over all vertices of Γ.
Then the mesh category of Γ is defined as the quotient k Γ /I m .
For an additive category ε, denote by ind ε the full subcategory of indecomposable objects. Happel [Hap] has shown that ind D b (kQ) is equivalent to the mesh category of ZQ, from which it follows that it is independent of the orientation of Q. Its Auslander-Reiten quiver is ZG.
For m ∈ N, we denote by C m G the m-cluster category associated to the Dynkin diagram G, so
where Q is any orientation of G and F m is the autoequivalence
. This was introduced by Keller [Kel] and has been studied by Thomas [Tho] and Zhu [Zhu] . It is known that C m G is triangulated [Kel] , Krull-Schmidt and has almost split triangles [BMRRT, 1.2 4.1. m-coloured almost positive roots and m-diagonals. For Φ a root system, with positive roots Φ + and simple roots α 1 , α 2 , . . . , α n , let Φ m ≥−1 denote the set of m-coloured almost positive roots (see [FR] ). An element of Φ m ≥−1 is either a m-coloured positive root α k where α ∈ Φ + and k ∈ {1, 2, . . . , m} or a negative simple root −α i for some i which we regard as having colour 1 for convenience (it is thus also denoted −α 1 i ). Fomin-Reading [FR] show that there is a one-to-one correspondence between m-diagonals of the regular nm + 2-gon Π and Φ m ≥−1 when Φ is of type A n−1 . We now recall this correspondence.
Recall that R m denotes the anticlockwise rotation of Π taking vertex i to vertex i − 1 for i ≥ 2, and vertex 1 to vertex nm + 2. For 1 ≤ i ≤ n 2 , the negative simple root -α 2i−1 corresponds to the diagonal ((i−1)m+1, (n−i)m+2). For 1 ≤ i ≤ n−1 2 , the negative simple root −α 2i corresponds to the diagonal (im + 1, (n − i)m + 2). Together, these diagonals form what is known as the m-snake, cf. Let I = I + ∪ I − be a decomposition of the vertices I of G so that there are no arrows between vertices in I + or between vertices in I − ; such a decomposition exists because G is bipartite. For type A n−1 , we take I + to be the even-numbered vertices and I − to be the odd-numbered vertices.
Let R m : Φ m ≥−1 → Φ m ≥−1 be the bijection introduced by Fomin-Reading [FR, 2.3] . This is defined using the involutions [FZ2] τ ± : Φ ≥−1 → Φ ≥−1 given by
Proof. See the discussion in [FR, 4 .1].
4.2. Indecomposable objects in the m-cluster category and m-diagonals. Let Q alt denote the orientation of G obtained by orienting every arrow to go from a vertex in I + to a vertex in I − , so that the vertices in I + are sources and the vertices in I − are sinks.
For a positive root α, let V (α) denote the corresponding kQ alt -module, regarded as an indecomposable object in D b (kQ alt ). Then it is clear from the definition that the indecomposable objects in C m G are the objects S k−1 V (β) for k = 1, 2, . . . , m and α ∈ Φ + and S −1 I i for I i an indecomposable injective kQ alt -module corresponding to the vertex i ∈ I (all regarded as objects in the m-cluster category). Following Thomas [Tho] or Zhu [Zhu] , we define V (α k ) to be S k−1 V (β) for k = 1, 2, . . . , m, α ∈ Φ + , and V (−α i ) = S −1 I i for i ∈ I. We have:
Proof. See [Tho, Lemma 2] or [Zhu, 3.8] .
5. An isomorphism of stable translation quivers We have observed that, for 1 ≤ i ≤ n 2 , the coloured root α Since D is an m-diagonal, on the side of D not in the m + 2-gon, there is an dm + 2-gon bounded by D and an arc of the boundary of Π for some d ≥ 1. Similarly, since E is an m-diagonal, on the side of E not in the m + 2-gon, there is an em + 2-gon bounded by D and an arc of the boundary of Π, for some e ≥ 1. It is clear that each of these polygons can be dissected by an m-snake such that, together with D and E, we obtain a 'zig-zag' dissection χ of Π. Let v be one of its endpoints. The other endpoint must be v − m − 1 or v + m + 1 (modulo nm + 2).
In the first case, we have that for some t ∈ Z, R t m (v) = 1 and R t m applied to χ is the m-snake. In the second case, we have that, for some t ∈ Z, R We remark that a connection between the m-cluster category and the m-diagonals has been given in [Tho] . In particular, Thomas gives an interpetation of Ext-groups in the m-cluster category in terms of crossings of diagonals. However, Thomas does not give a construction of the m-cluster category using diagonals.
The m-th power of a translation quiver
In this section we define a new category in natural way in which the m-cluster category C m An−1 will appear as a full subcategory. We start with a translation quiver Γ and define its m-th power.
Let Γ be a translation quiver with translation τ . Let Γ m be the quiver whose objects are the same as the objects of Γ and whose arrows are the sectional paths of length m. A path (x = x 0 → x 1 → · · · → x m−1 → x m = y) in Γ is said to be sectional if τ x i+1 = x i−1 for i = 1, . . . , m − 1 (for which τ x i+1 is defined) (cf. [Rin] ). Let τ m be the m-th power of the translation, i.e. τ m = τ • τ • · · · • τ (m times). Note that the domain of defininiton of τ m is a subset of the domain of definition Γ ′ 0 of τ . Recall that a translation quiver is said to be hereditary (see [Rin] ) if:
• for any non-projective vertex z, there is an arrow from some vertex z ′ to z; • there is no (oriented) cyclic path of length at least one containing projective vertices, and • If y is a projective vertex and there is an arrow x → y, then x is projective. The last condition is what we need to ensure that (Γ m , τ m ) is again a translation quiver:
Theorem 6.1. Let (Γ, τ ) be a translation quiver such that if y is a projective vertex and there is an arrow x → y, then x is projective. Then (Γ m , τ m ) is a translation quiver.
Proof. We prove the following statement by induction on m: Suppose that there is a sectional path
in Γ and τ m y is defined. Then τ i x i is defined for i = 0, 1, . . . , m and there is a sectional path
in Γ. Furthermore, if the multiplicities of arrows between consecutive vertices in the first path are k 1 , k 2 , . . . , k m , the multiplicities of arrows between consecutive vertices in the second path are k m , k m−1 , . . . , k 1 . This is clearly true for m = 1, since Γ is a translation quiver. Suppose it is true for m − 1, and that
is a sectional path in Γ. Since τ m−1 x m is defined, we can apply induction to the section path:
to obtain that τ i−1 x i is defined for i = 1, 2, . . . , m and that there is a sectional path
in Γ, with multiplicities k 2 , k 3 , . . . , k m . As τ m x m is defined, τ m−1 x m is not projective, and it follows that τ i−1 x i is not projective for i = 1, 2, . . . , m by our assumption. Therefore τ i x i is defined for i = 1, 2, . . . , m. For i = 2, 3, . . . , m, there are k i arrows from τ i−1 x i to τ i−2 x i−1 . Therefore there are k i arrows from τ i−1 x i−1 to τ i−1 x i . Thus there are k i arrows from τ i x i to τ i−1 x i−1 . As there are k 1 arrows from x 0 to x 1 , there are k 1 arrows from τ x 1 to x 0 . If τ (τ i x i ) = τ i+2 x i+2 for some i then x i = τ x i+2 , contradicting the fact that x 0 → x 1 → · · · → y is sectional. It follows that
is a sectional path with multiplicities of arrows k 1 , k 2 , . . . , k m as required. It follows that the number of sectional paths with sequence of vertices x 0 , x 1 , . . . , x m is less than or equal to the number of sectional paths with sequence of vertices
is a sectional path from x to y with a different sequence of vertices. Then
i and thus that the sectional path from τ m y to x provided by the above argument is also on a different sequence of vertices. Thus, applying the above argument to every sectional path of length m from x to y, we obtain an injection from the set of sectional paths of length m from x to y to the set of sectional paths of length m from τ m y to x. A similar argument shows that whenever there is a sectional path
in Γ with multiplicities l 1 , l 2 , . . . , l m , then τ i−m y i is defined for all i and there is a sectional path
in Γ with multiplicities l m , l m−1 , . . . , l 1 and as above we obtain an injection from the set of sectional paths of length m from τ m y to x to the set of sectional paths of length m from x to y.
Since Γ is locally finite, the number of sectional paths of fixed length between two vertices is finite. It follows that the number of sectional paths of length m from x to y is the same as the number of sectional paths of length m from τ m y to x. Hence (Γ m , τ m ) is a translation quiver.
We remark that the square of the translation quiver below, which does not satisfy the additional assumption of the theorem, is not a translation quiver: We remark that the mth power of a hereditary translation quiver need not be hereditary: there can be non-projective vertices z without any vertex z ′ such that z ′ → z. For example, consider the hereditary translation quiver below. It is clear that its square in the above sense has no arrows, but does have non-projective vertices.
· · · However, we do have the following: Proposition 6.3. Let (Γ, τ ) be a translation quiver such that for any arrow x → y in Γ, x is projective whenever y is projective. Then the translation quiver (Γ m , τ m ) has the same property.
Proof. We know by Theorem 6.1 that (Γ m , τ m ) is a translation quiver. Suppose that
is a sectional path in Γ and that τ m x is defined. We show by induction on m that τ m y is defined. It is clear that this holds for m = 1, since Γ is hereditary. Since x is not projective, x 1 , x 2 , . . . , x m are not projective. Since there are arrows x i−1 → x i for i = 1, 2, . . . , m, there are arrows τ x i → x i−1 and therefore arrows τ x i−1 → τ x i for i = 1, 2, . . . , m. It is clear that any path
Hence, by the inductive hypothesis, τ m−1 (τ x m ) = τ m x m is defined and we are done.
The m-cluster category in terms of mth powers
We consider the construction of Section 6 in the case where Γ is the quiver given by the diagonals of an N -gon Π, i.e. Γ = Γ N ) . In the first case, one then gets an arrow D 1 = (i, j + 1) → (i + 1, j + 1) or D 1 → (i, j + 2). Now τ (i + 1, j + 1) = (i, j) and since the path is sectional, we get that D 2 can only be the diagonal (i, j + 2). 
